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Ḣ
H2

� fN
evo

!
 

+
2� 5s

r

Z r

0

( + �) dr

+ (5s� 2)�+ +H�1�̇

Standard

Relativistic 
Effects

Bonvin & Durrer [arXiv:1105.5280], 
Challinor & Lewis [arXiv:1105.5292], 
Yoo [arXiv:1009.3021]



�N (n, z,m⇤) = b(z)Dcm

�
L > L̄⇤

�
+H�1@rn · v

� 2� 5s

2

Z r

0

r � r0

rr0
�

⌦

( + �) dr0

+

 
5s+

2� 5s

Hr
+

Ḣ
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Anisotropic clustering in CMASS galaxies 2723

Figure 3. Left-hand panel: two-dimensional correlation function of CMASS galaxies (colour) compared with the best-fitting model described in Section 6.1
(black lines). Contours of equal ξ are shown at [0.6, 0.2, 0.1, 0.05, 0.02, 0]. Right-hand panel: smaller-scale two-dimensional clustering. We show model
contours at [0.14, 0.05, 0.01, 0]. The value of ξ0 at the minimum separation bin in our analysis is shown as the innermost contour. The µ ≈ 1 ‘finger-of-God’
effects are small on the scales we use in this analysis.

or equivalently (Hamilton 1992),

ξ (s, µs) ≡
∞∑

ℓ=0

ξℓ(s)Lℓ(µs). (6)

Here Lℓ is the Legendre polynomial of order ℓ. By symmetry all
odd-ℓ moments vanish and on large scales the measurements be-
come increasingly noisy to larger ℓ. The correlation functions ξ̂0(s)
and ξ̂2(s) are estimated from ξ̂LS(si , µj ) using a Riemann sum to ap-
proximate equation (5). We include all galaxy pairs between 25 and
160 h−1 Mpc in our analysis. We also caution the reader that we have
adopted logarithmically spaced bins, while our companion papers
(Anderson et al. 2012; Ross et al. 2012; Sanchez et al. 2012) analyse
clustering in linearly spaced bins of differing bin sizes. Our mea-
surements of ξ 0 and ξ 2, along with diagonal errors estimated from
PTHalos mock catalogues (Manera et al. 2012; see Section 3.2), are
shown in Fig. 4. The effective redshift of weighted pairs of galaxies
in our sample is z = 0.57, with negligible scale dependence for
the range of interest in this paper. For the purposes of constraining
cosmological models, we will interpret our measurements as being
at z = 0.57.

3.2 Covariance matrices

The matrix describing the expected covariance of our measurements
of ξℓ(s) in bins of redshift space separation depends in linear theory
only on the underlying linear matter power spectrum, the bias of the
galaxies, the shot-noise (often assumed Poisson) and the geometry
of the survey. We use 600 PTHalos mock galaxy catalogues to
estimate the covariance matrix of our measurements. These mocks
are based on combining LPT with the halo model, and are described
in more detail in Manera et al. (2012). We compute ξℓ(si) for each
mock in exactly the same way as from the data (Section 3.1) and

estimate the covariance matrix as

C
ℓ1ℓ2
ij = 1

599

600∑

k=1

(
ξ k
ℓ1

(si) − ξ̄ℓ1 (si)
) (

ξ k
ℓ2

(sj ) − ξ̄ℓ2 (sj )
)
, (7)

where ξ k
ℓ (si) is the monopole (ℓ = 0) or quadrupole (ℓ = 2) correla-

tion function for pairs in the ith separation bin in the kth mock. ξ̄ℓ(s)
is the mean value over all 600 mocks. The shape and amplitude of
the average two-dimensional correlation function computed from
the mocks are a good match to the measured correlation function
of the CMASS galaxies [see Manera et al. (2012) and Ross et al.
(2012) for more detailed comparisons]. The square roots of the di-
agonal elements of our covariance matrix are shown as the error
bars accompanying our measurements in Fig. 4. We will examine
the off-diagonal terms in the covariance matrix via the correlation
matrix, or ‘reduced covariance matrix’, defined as

C
ℓ1ℓ2,red
ij = C

ℓ1ℓ2
ij /

√
C

ℓ1ℓ1
ii C

ℓ2ℓ2
jj , (8)

where the division sign denotes a term-by-term division.
In Fig. 5 we compare selected slices of our mock covariance ma-

trix (points) to a simplified prediction from linear theory (solid lines)
that assumes a constant number density n̄ = 3 × 10−4 (h−1 Mpc)−3

and neglects the effects of survey geometry (see e.g. Tegmark 1997).
Xu et al. (2012) performed a detailed comparison of linear theory
predictions with measurements from the Las Damas SDSS-II LRG
mock catalogues (McBride et al., in preparation), and showed that
a modified version of the linear theory covariance with a few extra
parameters provides a good description of the N-body based covari-
ances for ξ 0(s). The same seems to be true here as well. The mock
catalogues show a deviation from the naive linear theory prediction
for ξ 2(s) on small scales; a direct consequence is that our errors
on quantities dependent on the quadrupole are larger than a simple
Fisher analysis would indicate. We verify that the same qualita-
tive behaviour is seen for the diagonal elements of the quadrupole
covariance matrix in our smaller set of N-body simulations used

C⃝ 2012 The Authors, MNRAS 426, 2719–2737
Monthly Notices of the Royal Astronomical Society C⃝ 2012 RAS

Reid et al ’12 [arXiv:1203.6641]
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observation on the past 
lightcone
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Ḣ
H2

� fN
evo

!
 

+
2� 5s

r

Z r

0

( + �) dr

+ (5s� 2)�+ +H�1�̇

⇠ D

Bonvin & Durrer [arXiv:1105.5280], 
Challinor & Lewis [arXiv:1105.5292], 
Yoo [arXiv:1009.3021]

Large Scale Structures



�N (n, z,m⇤) = b(z)Dcm

�
L > L̄⇤

�
+H�1@rn · v

� 2� 5s

2

Z r

0

r � r0

rr0
�

⌦

( + �) dr0

+

 
5s+

2� 5s

Hr
+

Ḣ
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DETECTION OF COSMIC MAGNIFICATION WITH THE SLOAN DIGITAL SKY SURVEY
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ABSTRACT

We present an 8σ detection of cosmic magnification measured by the variation of quasar density
due to gravitational lensing by foreground large scale structure. To make this measurement we used
3800 square degrees of photometric observations from the Sloan Digital Sky Survey (SDSS) containing
∼ 200, 000 quasars and 13 million galaxies. Our measurement of the galaxy-quasar cross-correlation
function exhibits the amplitude, angular dependence and change in sign as a function of the slope of
the observed quasar number counts that is expected from magnification bias due to weak gravitational
lensing. We show that observational uncertainties (stellar contamination, Galactic dust extinction,
seeing variations and errors in the photometric redshifts) are well controlled and do not significantly
affect the lensing signal. By weighting the quasars with the number count slope, we combine the
cross-correlation of quasars for our full magnitude range and detect the lensing signal at > 4σ in all
five SDSS filters. Our measurements of cosmic magnification probe scales ranging from 60 h−1 kpc to
10 h−1 Mpc and are in good agreement with theoretical predictions based on the WMAP concordance
cosmology. As with galaxy-galaxy lensing, future measurements of cosmic magnification will provide
useful constraints on the galaxy-mass power spectrum.

Subject headings: cosmology – large-scale structures – gravitational lensing: magnification – quasars
– galaxies

1. INTRODUCTION

We expect the large-scale structure seen in the low
redshift Universe to gravitationally lens background
sources, such as high redshift galaxies and quasars. This
lensing effect causes both a magnification and a distor-
tion of these distant sources. The systematic distortion
of faint background galaxies by gravitational lensing,
the cosmic shear, has now been measured by several
groups in the past few years (Van Waerbeke et al. 2000;
Bacon et al. 2000; Rhodes et al. 2001; Hoekstra et al.
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2002a; Van Waerbeke et al. 2002; Jarvis et al. 2003;
Brown et al. 2003; Massey et al. 2004), and has been
found to be in remarkable agreement with theoretical
predictions based on the Cold Dark Matter model.
It has also provided new constraints on cosmological
parameters, especially on σ8, Ωm and the shape of
the dark matter power spectrum (for a review, see
Van Waerbeke & Mellier 2003; Refregier 2003; Hoekstra
2003). In addition to shear-shear correlations, the
cross-correlation of foreground galaxies with back-
ground shear, known as galaxy-galaxy lensing has
also been measured (Brainerd, Blandford & Smail
1996; dell’Antonio & Tyson 1996; Griffiths et al.
1996; Hudson et al. 1998; Fischer et al. 2000;
Wilson et al. 2001; McKay et al. 2001; Smith et al.
2001; Hoekstra et al. 2003). Recent measurements
from the Sloan Digital Sky Survey (SDSS; York et al.
2000) have enabled accurate constraints on galaxy halo
profiles or more generally the galaxy-mass correlation
(Seljak et al. 2004; Sheldon et al. 2004).

In a similar way, the systematic magnification of back-
ground sources near foreground matter over-densities,
the cosmic magnification, can be measured and can pro-
vide largely independent constraints on cosmological pa-
rameters. Gravitational magnification in the weak limit
has two effects: First, the flux received from distant
sources is increased, resulting in a relatively deeper ap-
parent magnitude limited survey. Second, the solid angle
is stretched, diluting the surface density of source images
on the sky. The net result of these competing effects
is an induced cross-correlation between physically sepa-
rated populations that depends on how the loss of sources
due to dilution is balanced by the gain of sources due to
flux magnification. Any type of background source can

arXiv:astro-ph/0504510
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Ḣ
H2

� fN
evo

!
n · v + (fN

evo

� 3)Hv

+

 
5s+

2� 5s

Hr
+

Ḣ
H2

� fN
evo

!Z r

0

⇣
 ̇+ �̇

⌘
dr0

+

 
5s+

2� 5s

Hr
+

Ḣ
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Doppler term

- imaginary power spectrum 
(McDonald [arXiv:0907.5220])

- dipole and octupole in galaxy correlation functions 
(Raccanelli et al [arXiv:1306.6646], Bonvin et al [arxiv:1309.1321])

- multitracer and shot-noise canceling techniques  
(Yoo et al [arXiv:1206.5809])
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Relativistic effects on Lyman-𝛼 forest

Irsic , ED, Viel [arXiv:1510.03436]
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Relativistic effects on Lyman-𝛼 forest

Irsic , ED, Viel [arXiv:1510.03436]

10�2 10�1 100

kmax [h Mpc�1]

0

1

2

3

4

5

6

7

8

S
/N

( k
m

ax
)

DESI BOSS



Single tracer vs multi-tracers

Leading order 
correction 

single multi

Parity

O
�
H2/k2

�
O (H/k)

even odd

Relevant scales super-Hubble all

Limited by cosmic variance shot noise

Forecasted 
detection No Yes



�N (n, z,m⇤) = b(z)Dcm

�
L > L̄⇤

�
+H�1@rn · v

� 2� 5s

2

Z r

0

r � r0

rr0
�

⌦

( + �) dr0

+

 
5s+

2� 5s

Hr
+

Ḣ
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Second Order

Born approximation fails
Perturbed geodesics

Geodesic 
light-cone  

gauge

Because of non-linear gravitational 
effects the power spectrum does not 
encode all the statistical information.

Bi-spectrum

In the weakly non-linear regime second order perturbation 
theory can be applied

Credits to Fabien Nugier

Gasperini, Marozzi, Nugier, 
Veneziano [arXiv:1104.1167]



+


1

H2

s

�
@

2

⌘

 

A

s

�@2
r

 

A

s

�@
⌘

@

r

 

A

s

�
+

✓
1� 3

H0
s

H2

s

◆
1

H
s

@

⌘

 

A

s

+
1

H
s

@

r

 

A

s

�3

✓
1� H0

s

H2

s

◆
 

A

s

�✓
�2

Z
⌘

o

⌘

s

d⌘

0
@

⌘

0
 

I

�
⌘

0�
◆
�
✓
3

2
� 3

H0
s

H2

s

◆�
 

A

s

�
2

+
1

H2

s

�
@

⌘

 

A

s

�
2

+
2

H2

s

@

⌘

 

A

s

@

⌘

 

I

s

+


1

H2

s

�
@

2

⌘

 

A

s

�@2
r

 

A

s

�@
⌘

@

r

 

A

s

�
+

1

H2

s

�
@

2

r

 

I

s

+@2
⌘

 

I

s

�@
⌘

@

r

 

I

s

�

�3
H0

s

H2

s

1

H
s

@

⌘

 

A

s

+

✓
2� 3

H0
s

H2

s

◆
1

H
s

@

⌘

 

I

s

�
✓
1 +

H0
s

H2

s

◆
 

I

s

+
1

H
s

@

r

 

A

s

� 1

H
s

@

r

 

I

s

�
 

A

s

+


� 1

H2

s

�
@

2

⌘

 

A

s

�@2
r

 

A

s

�@
⌘

@

r

 

A

s

�
+ 3

H0
s

H2

s

1

H
s

@

⌘

 

A

s

� 1

H
s

@

r

 

A

s

�
 

I

s

+2

✓
2+

H0
s

H2

s

◆
@

a

 

A

s

Z
⌘

o

⌘

s

d⌘

0
�

ab

0

@

b

Z
⌘

o

⌘

0
d⌘

00
 

I

�
⌘

00�� 2

H
s

@

a

�
@

⌘

 

A

s

� Z ⌘

o

⌘

s

d⌘

0
�

ab

0

@

b

Z
⌘

o

⌘

0
d⌘

00
 

I

�
⌘

00�

+
8

r

s

Z
⌘

o

⌘

s

d⌘

0 �
 

I

 

A

� �
⌘

0�� 4

r

s

Z
⌘

o

⌘

s

d⌘

0 ⌘
0 � ⌘

s

⌘

o

� ⌘

0�2

�
 

I

 

A

� �
⌘

0�
. (4.39)

4.3 Number Counts

We have now all we need to evaluate the galaxy number counts at observed redshift and in
the direction of observation. Using the relations given in Eqs. (2.7) and (2.8) and inserting
the results obtained for the density, Eqs. (4.13) and (4.14), and for the volume fluctuation,
Eqs. (4.36)-(4.39), at fixed observed redshift and observer direction, we obtain to first order
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which agrees with [6], where it was derived directly in Poisson gauge.
To second order we obtain of course a much more involved expression:
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4.3 Number Counts

We have now all we need to evaluate the galaxy number counts at observed redshift and in
the direction of observation. Using the relations given in Eqs. (2.7) and (2.8) and inserting
the results obtained for the density, Eqs. (4.13) and (4.14), and for the volume fluctuation,
Eqs. (4.36)-(4.39), at fixed observed redshift and observer direction, we obtain to first order
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which agrees with [6], where it was derived directly in Poisson gauge.
To second order we obtain of course a much more involved expression:
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See also 
Yoo and Zaldarriaga [arXiv:1406.4140]
Bertacca, Maartens, Clarkson [arXiv:1405.4403]

and for a comparison
Trøst Nielsen and Durrer [arXiv:1606.02113]

ED, Durrer, Marozzi, Montanari [arXiv:1407.0376]
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Lensed Power Spectrum

Lensing induced by 
deflection angle
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Smoothing effect
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Lensed Power Spectrum

With this comparison we see that the smoothing induced by lensing e↵ect dominates
on regimes where the approximation made in previous sections, namely by neglecting the
non-Gaussianity of the lensing potential induced by non-linear structure formation, can be
safely applied.

Analogously to BAO reconstruction, see e.g. [59, 60], by knowing the lensing potential
from di↵erent cosmological probes, we can de-lensing the matter power spectrum. Through
a de-lensing process, LSS surveys would not be limited by roughly 1 Mpc resolution at BAO
scales for sources at high redshift, as shown in Fig. 3. We remark that BAO reconstruction,
i.e. by undoing the non-linear evolution through Zeldovich approximation, does not account
for the lensing e↵ect we have computed. Therefore, even if the lensing e↵ect is smaller than
the non-linearity at low redshift, it is not compensated by standard data analysis.
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Figure 7. We compare the amplitudes of the smoothing of the BAO wiggles induced by lensing
potential (red) and by non-linear structure formation (blue) for di↵erent redshifts. The magnitude of
the e↵ect refers to the amplitude of smooth matter power spectrum.
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Conclusions
Relativistic corrections

encode useful information 
may bias the parameter estimation, if neglected

Multi-tracers technique allows to isolate some 
relativistic correction. Future surveys should be able 
to measure them
relativistic number counts can be generalized to 
non-flat universes

neglecting relativistic effects may bias the 
curvature parameter as well

Lensing effects are not negligible on the galaxy 
bispectrum
Lensing smoothes the BAO wiggles


